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Korchm~tros has classified (q+2)-arcs of PG(2, q), q even, which have a 
transitive collineation stabiliser. In this paper we characterise (q + 1)-arcs, q-arcs, 
and (q -  1)-arcs of PG(2, q), q even, which have a transitive homography stabiliser 
as conics, translation q-arcs, and monomial (q-1) -arcs ,  respectively (although for 
(q -1 ) -a rcs  we need the hypothesis that q/4 is not a twelfth power). © 1994 
Academic Press, Inc. 
1. INTRODUCTION 
Let PG(2, q) be the projective plane over the field GF(q) of order q, 
where q = ph and p is prime. A k-arc of PG(2, q) is a set of k points, no 
three of which are collinear. When q is odd, a k-arc with k maximal has 
q + 1 points while if q is even, a k-arc with k maximal has q + 2 points. 
A (q+ 1)-arc is called an oval while a (q+ 2)-arc is a hyperoval. 
In PG(2, q), the points of a non-degenerate conic form an oval, and if q 
is even the points of a non-degenerate conic together with a unique further 
point called the nucleus form a hyperoval, which is called regular. When q 
is odd, any oval is a non-degenerate conic [16]. However, if q/> 32 is even, 
hyperovals are not yet classified (for the cases q~ 16 see [8, 8.4.1, 8.4.4 
Corollary 1 ; 7; 11 ] ). 
We denote by PFL(3, q) the full collineation group of PG(2, q) while 
PGL(3, q) denotes the group of homographies of PG(2, q). The stabiliser of 
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a k-arc ~ in PFL(3, q) is called the collineation stabiliser of ~,  while the 
stabiliser of ~r in PGL(3, q) is the homography stabiliser of ~((. 
The purpose of this paper is to classify k-arcs of PG(2, q), q even, which 
have k t> q -1  points and a transitive homography stabiliser. Our main 
results are that a (q+l ) -a rc  of PG(2, q), q even, with a transitive 
homography stabiliser is a conic, a q-arc of PG(2, q), q even, with a 
transitive homography stabiliser is a translation q-arc and a (q -  1)-arc of 
PG(2, q), q= 2 h, with a transitive homography stabiliser is a monomial 
(q -1 ) -a rc  provided h ~ 2 (modulo 12). These results have been used to 
determine the collineation stabilisers of Cherowitzo's and Payne's hyper- 
ovals in PG(2, 32) (see [121) and to classify hyperovats in PG(2, 16) (see 
[-11 ]). We also find the homography stabilisers of the known hyperovals, 
and compute the orbits of these stabilisers on the points of the hyperovals. 
This proves the converse of the three results above and provides an 
appropriate context for the results. 
2. PRELIMINARIES 
In the following, we use IX[ to denote the number of elements in the 
group (or set) X, and (x )  to denote the subgroup generated by the 
element x. We write Y~< X to denote that Y is a subgroup of X, and use 
[X: Y[ for the index of Y in X. Aut(X) denotes the automorphism group 
of the structure X. If a group X acts on a set Z with b orbits of length B, 
c orbits of length C, and so on, then we say that X has orbit structure 
BbCc... on Z. We denote the setwise stabiliser of a subset W___ Z in X by 
Xw and the pointwise stabiliser of W in X by X(w). For more details on 
these and other permutation group definitions and results, see [21]. We 
use x to denote the direct product of two groups and • to denote the 
semidirect product. Cn denotes the cyclic group of order n and Sn denotes 
the symmetric group of degree n. 
As PGL(3, q), q = ph, is regular on ordered quadrangles in PG(2, q), the 
homography stabiliser of a k-arc with k/> 4 acts faithfully on the k-arc. 
Therefore we deal with the cases k ~< 3 separately first. The homography 
stabiliser of a 0-arc is PGL(3, q) and the homography stabiliser of a 1-arc 
is the stabiliser in PGL(3, q) of a point, which is isomorphic to AGL(2, q) 
and has order (q+ 1)q3(q_ 1)2. The homography stabiliser of a 2-arc is 
isomorphic to (C 2h.(cq lXCq 1))'C2 of order 2q2(q -1 )  2 and the 
homography stabiliser of a 3-arc is isomorphic to (Cq_lXCq 1).$3 of 
order 6 (q -1)  2. Note also that the homography stabiliser of a 4-arc is 
isomorphic to $4, of order 24. Each of these homography stabilisers is 
transitive on the points of the arc that it stabilises. 
We make frequent use of the next result: 
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2.1. THEOREM [8, 10.3.3 Corollary 2]. Let 2 be a k-arc ofPG(2, q), q 
even. If k > q-,,/-q + 1 then 2 is contained in a hyperoval, and this 
hyperoval is unique unless k = q = 2. 
If H is the homography stabiliser of a k-arc 2 ,  then H<~ PGL(3, q) so 
that [HI divides (q2 + q + 1)(q-  1)2 q3(q + 1). The following two results 
give additional divisibility conditions on I HI in the case that k/> 4. 
2.2. THEOm?M. Let 2 be a k-arc of PG(2, q), where q = ph and p is 
prime, satisfying k >~ 4, and let H be the homography stabiliser of J~. Then 
[HI divides k (k -  1 ) (k -  2 ) (k -  3). Further, the collineation stabiliser G of 2 
is such that IGI divides k (k -1 ) (k -  2 ) (k -  3) h. 
Proof We count the number of ordered pairs (Q, 2 ' )  where Q is an 
ordered quadrangle, 2 '  is the image of 2 under a homography and 
Q ~ 24#'. Denoting by N the number of homographic images of 2 on a 
given quadrangle, we obtain 
(q2+q+ 1)(q2+q) q2(q_ 1)2.N 
(q2 + q + 1)(q2 + q) q2(q_ 1)2 
- k (k  - 1) (k -  2)(k - 3) 
IHI 
and it follows that [HI divides k(k -1 ) (k -2 ) (k -3 ) .  Further, [G:H[ 







Let 2 be a k-arc of PG(2, q) with homography 
if k = q + 1 then I HI divides (q + 1 ) q(q - 1), 
if q>14 and k=q then IH[ divides 2q(q-1), 
if q>j 8 and k= q -1  then ]HI divides 6(q-1) ,  and 
if q ~ 8 and k = q - 2 then I HI divides 24. 
In the cases excluded in (2)-(4) the homography stabiliser of the arc has 
greater order. 
Proof A 6-arc in PG(2, 8) is contained in at most one hyperoval. 
A 6-arc not contained in a hyperoval has homography stabiliser of 
order 24 and one contained in a hyperoval has homography stabiliser of 
order 6 or 4 according as it is contained in a non-degenerate conic or not 
[8, 14.6]. From now on we suppose that if k = q -  2 then q/> 16. 
In each remaining case the k-arc 2 is uniquely completable to a hyper- 
oval 2 w Y where 1 ~< lYl ~< 4 (Theorem 2.1). We count in two ways the 
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number of ordered pairs (5 e, oU'), where 5 a w Y- is a quadrangle, 50 ~ s((', 
and s¢ °' is the image of s (  under an element of PGL(3, q) which fixes Y" 
setwise. 
Let the number of k-arcs ~ '  such that c f 'w~ is a hyperoval 
containing a given quadrangle 5e w ~-- be N. Note also that the number of 
arcs o f '  which are images of S under an element of PGL(3, q)j- is equal 
to [PGL(3, q)3-:H[ as H fixes J setwise. The results follow from the 
equations : 
(q2 + q) qZ(q-1)2 (qZ + q) q2(q-1)2 (q + l ) q(q-1) 
(k=q+l )  N -  
6 [HI 6 
(k = q) 
q2(q_ 1)2 2q2(q-  1)2 q(q_ 1) 
.N -  
2 IHI 2 
(q -  1) 2 6(q - -  1 )  2 
(k=q-  1) - - . N =  - -  (q - l )  
2 [HI 
24 
(k = q - 2) N=/I'H----7" 
Note that the cases excluded in (2), (3), and (4) all have k~<3 and are 
dealt with at the beginning of this section. | 
In some sense the results of Theorems 2.2 and 2.3 are best possible 
for k = q + 2, q + 1, q and q -  2 since equality is achieved in each of the 
following cases : 
(i) any (q+2)-arc with q=2 or 4 has homography stabiliser of 
order 24 or 360, respectively (Theorem 4.1), 
(ii) any non-degenerate conic is a (q+l ) -arc  with homography 
stabiliser of order (q + 1 ) q(q - 1) (Theorem 4.2), 
(iii) any q-arc with q~>4 equivalent o {(1, t, t2): t~GF(q)} under 
PFL(3, q) has homography stabiliser of order 2q(q- 1) (Theorem 4.2), 
(iv) a 6-arc in PG(2,8) not contained in a hyperoval has 
homography stabiliser of order 24 I-8, 14.6]. 
However, we know of no example where equality is achieved when 
k = q - 1. In addition, it follows from Theorems 3.9, 4.2, and 4.4 below that  
if q divides 4 and is not a twelfth power then equality cannot be achieved 
when k = q - 1. 
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3. SYMMETRIES OF ARCS WITH A LARGE NUMBER OF POINTS 
When q is odd, by Segre's Theorem [16] a (q+l ) -a rc  is a non- 
degenerate conic. This has a 3-transitive homography stabiliser isomorphic 
to PGL(2, q). 
From now on in this section we suppose that q is even, so that q = 2 h for 
some h ~> 1. 
As in [8, 8.4.2], a hyperoval in PG(2, q) where q> 2 is even can be 
written as 
Nq+2(f) = {(1, t,f(t)): t~ GF(q)} w {(0, 1, 0), (0, 0, 1)}, 
where f is a permutation polynomial of degree at most q - 2. In addition, 
we define the sets 
~q+l ( f )  = {(1, t, f ( t ) ) :  tE GF(q)} w {(0, 0, 1)} 
@q(f) = {(1, t, f ( t ) )  : t ~ GF(q)} 
~q_ l ( f )  = {(1, t,f(t)): teGF(q)\{O)}. 
Let q - 1 ~< k ~< q + 2. A k-arc c (  is a monomial k-arc if it is equivalent to 
~k ( f )  where f is monomial. If q ~< k ~< q + 2 then ~ is a translation k-arc 
if it is equivalent to ~k( f )  wheref is  an automorphism of GF(q). A regular 
hyperoval is a translation hyperoval and a non-degenerate conic is a 
translation (q + 1)-arc. For q ~< k ~< q + 2 a translation k-arc is also a 
monomial k-arc. 
We are interested in characterising k-arcs with q -  2 ~< k ~< q + 2 which 
have transitive homography stabilisers, using the fact that for q large 
enough such a k-arc is contained in a unique hyperoval (Theorem 2.1). We 
start with (q + 2)-arcs whose homography stabilisers are transitive. 
There is an unusual class of hyperovals in PG(2, 16) discovered in 1957 
by Lunelli and Sce [10], using a computer. One representative of this class 
is ~q+2(f) = ~18 ( f )  where f ( t )  = t 12 + ?0 + ~l~t8 + t 6 + ~/2t4 + t/9t 2, and q is 
a primitive element of GF(16) satisfying q4 + q + 1 = 0. 
3.1. THEOREM [9]. Let ~ be a hyperoval in PG(2, q), q even, and 
suppose that ~ has a transitive collineation stabiliser G. Then it is either a 
regular hyperoval in PG(2, 2) or PG(2, 4) or it is a Lunelli-Sce hyperoval in 
PG(2, 16). 
Proof Let q=2 h. Since G has an orbit of length q+2 on J¢~, q+2 
divides tGI and therefore also divides the order (qZ+q+l ) (q -1 )2  
q3(q + 1) h of PFL(3, q). Thus, putting q + 2 = 0 on the right-hand side we 
see that q+2 divides 3.32. 23-h=216h, giving 2 h+2~<216h and so 
58 O'KEEFE AND PENTTILA 
h~< 11. Now the divisibility condition 2h+2 divides 216h forces h= 1, 2, 
or 4. If h = 1 or 2 then every hyperoval is regular [8, 8.4.1] and has a 
transitive collineation stabiliser [-8, 8.4.2 Corollary6]. If h=4 then a 
hyperoval is either regular or is a Lunelli-Sce hyperoval [-7] or [11], 
and only the Lunelli-Sce hyperoval has a transitive collineation stabiliser 
[8, p. 1773. | 
Now we turn to (q + 1)-arcs, that is, ovals. We first need a lemma. 
3.2. LEMMA. Let J be a cyclic subgroup of order q + 1 of PGL(3, q), q 
even. Suppose that J fixes a point and fixes a line not on the point. Then the 
orbits of J on the points of PG(2, q) are the fixed point, the fixed line, and 
q -  1 non-degenerate conics. 
Proof The stabiliser K in PGL(3, q) of a non-incident point-line pair in 
PG(2, q) is isomorphic to GL(2, q). Now a cyclic subgroup of GL(2, q) 
induces a cyclic subgroup of PGL(2, q), as (q -  1, q+ 1) = 1. By inspection 
of Dickson's list of subgroups of PGL(2, q) [5] we see that any two cyclic 
subgroups of order q + 1 of PGL(2, q) are conjugate. Since q is even, this 
forces any two cyclic subgroups of order q + 1 of GL(2, q) to be conjugate. 
For if K, = (k l )  and /£2 are subgroups of order q+ 1, conjugate in 
PGL(2, q), there exist g~PGL(2, q), kzEK2, and 2~GF(q) such that 
g- lk lg=2k > Since kl and k2 have order q+l ,  it follows that 
2 q+l =22= 1 so that 2= 1. Since PGL(3, q) is transitive on non-incident 
point-line pairs, so any two non-incident point-line pairs have conjugate 
stabilisers. Hence any two cyclic subgroups of order q + 1 of PGL(2, q) 
which fix a non-incident point-line pair are conjugate, so any two cyclic 
subgroups of order q + 1 of ~ are conjugate. 
It is therefore nough to display a cyclic subgroup of order q + 1 of 
PGL(3, q), q even, whose orbits on PG(2, q) are a point, a line, and q -  1 
non-degenerate conics. We consider the following pencil of conics: 
2(x 2 + axy + y2) + ~z2 = 0 
for 2, # ~ GF(q), not both zero, and where x2+ ax + 1 is irreducible Over 
GF(q). The (degenerate) conic given by #=0 is the point (0, 0, 1) and the 
(degenerate) conic given by 2 = 0 is the line z = 0. The other q -  1 conics 
of the pencil are non-degenerate. The q + 1 conics of the pencil are pairwise 
disjoint and cover PG(2, q). 
Let F be the following set of homographies : 
F= f+ ag 
0 
: f, g ~ GF(q), not both zerol,. 
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A conic of the pencil is fixed by an element of F provided the matrix has 
determinant f2 _}_ afg -t- g2 = 1. NOW F is a cyclic subgroup of order q2 _ 1 
of GL(3, q), since the 2x2  submatrices formed by the first two rows 
and columns form a field under addition and multiplication of matrices 
(adjoining the zero matrix), so they form a cyclic group under multiplica- 
tion. But these 2 x 2 matrices determine the multiplicative structure of F. 
Thus Fc~ SL(3, q) is a cyclic subgroup of order q + 1 of GL(3, q) (as it is 
the kernel of the homomorphism defined by the determinant map, which is 
onto GF(q)\{O} as can be seen by considering the matrices with g = 0). So 
Fc~ SL(3, q) gives rise to a cyclic subgroup of order q + 1 of PGL(3, q). 
Also, the orbits of J on the points of PG(2, q) are a point, a line, and q - 1 
non-degenerate conics, as required. I 
3.3. THEOREM. Let X be a (q+ 1)-arc (oval) in PG(2, q), q even, and 
suppose that ~,~ has a transitive homography stabiliser. Then it is a 
non-degenerate conic. 
Proof Let H be the homography stabiliser of the oval. Now H acts 
transitively and faithfully on the q + 1 tangents to the oval, all of which 
pass through the nucleus. Thus H is isomorphic to a transitive subgroup of 
PGL(2, q). By inspection of Dickson's list of subgroups of PGL(2, q) [-5], 
it follows that H contains a cyclic subgroup J of order q + 1 which is 
transitive on the q + 1 tangents. Since J fixes a point, it also fixes a line [-4]. 
The fixed point and the fixed line are non-incident for otherwise the fixed 
line would be a tangent, but no tangent is fixed by J. By Lemma 3.2, 
since the oval is an orbit of this subgroup, it follows that the oval is a 
(non-degenerate) conic. | 
Now we consider q-arcs with transitive homography stabilisers, via some 
preliminary results. 
3.4. THEOREM [-13]. A q-arc which is stabilised by a group of elations of 
order q with a common axis is a translation q-arc and conversely. | 
We can generalise this theorem to give our desired result, using the 
following lemma. 
3.5. LEMMA. Let ~be a hyperoval of PG(2, q), q even, and let S be a 
Sylow 2-subgroup of the homography stabiliser H of ~ .  Then I Sl divides q 
unless q = 2 or 4. 
Proof Suppose q > 2. Since IS| is a power of 2, S has orbits on ~ of 
length 1 or of length a power of 2. As [~1 = q + 2 -  2 (mod 4), S has at 
least one orbit of length 2 or at least two fixed points in ~.  If S has an 
orbit of length 2, the stabiliser T of these points has index 2 in S and fixes 
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at least two points of 3/f. If S has at least two fixed points, define T= S. 
In either case T fixes no further point of x/f (as the pointwise homography 
stabiliser of a triangle has order (q -  1) 2, which is odd). 
Let t ~ T and let the fixed points of T in x/g be P and Q so that t fixes 
P and Q. Thus t fixes the line PQ and acts on the q -  1 points of l other 
than P and Q. Since t has order a power of 2 and q -  l is odd, it follows 
that t fixes a point of l other than P and Q. So l is an axis of t and t is 
an elation. It follows that T is a group of elations with common axis PQ. 
By Theorem 3.4, if J f  is not a translation hyperoval then T has no orbit 
of length q. Therefore ITI divides q/2 and ]SI divides q. If 34 ° is a transla- 
tion hyperoval and I SI does not divide q then q = 2 or 4 (see Section 4). | 
3.6. THEOREM. Let q>>.8 be even, let oge be a hyperoval of PG(2, q), and 
let S be a Sylow 2-subgroup of the homography stabiliser H of ~ .  I f  ]St = q 
then ~f is a translation hyperoval. 
Proof Suppose that 3el is not a translation hyperoval. Let the sub- 
group T of H be defined as in Lemma3.5. Note that the proof of 
Lemma 3.5 for q ~> 8 shows that T has order q/2, has two fixed points and 
has two orbits of length q/2 in ~ .  Let the two fixed points of T in 3/f be 
(0, 1, 0) and (0, 0, 1), and let (1, 0, 0) and (1, 1, 1) be points of different 
orbits of T of length q/2 on ~.  An element of T can be represented as 
a matrix 
t= t (a ,b  ) = 1 
0 
for some a, b~GF(q). Now t(a,b)(1, 0, 0)= (1, a, b )~f .  Since the points 
(0, 0, 1), (1, a, b) and (1, a, e) are collinear for all c~GF(q), only (0, 0, 1) 
and one point (1, a, b) can belong to 3¢f for each value of a. Thus if 
t(a.b) ~ T then t(a,c)~-T for all c ~ b. So there exists a subset E c_ GF(q) and 
a function f on GF(q) such that T= {t(a.S(,)): a~E}. Since (1, 0, 0) and 
(1, 1, 1) are in different orbits of T on ~,  
5el= {(0, 1,0), (0,0, 1)}u T(1, O,O)wT(1, 1, 1) 
= {(0, 1, 0), (0, O, 1)} w {(1, a,f(a)): a~E} 
w {(1, a+ 1, f (a )+ 1) :acE}.  
Now t(1,1 ) (1, a, f(a)) = (1, a + 1, f(a) + 1) and t(1.1)(1, a + 1, f(a) + 1) = 
(1, a,f(a)) so t(1,1)eH. But t(1,1)(1, 0, 0)= (1, 1, 1), contradicting the fact 
that these points are in different orbits of T on ~.  | 
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3.7. COROLLARY. Let • be a q-arc in PG(2, q), with q>~ 8 even, and 
suppose that it has a transitive homography stabiliser. Then Y is a 
translation q-arc. 
Proof First note that g/g is contained in a unique hyperoval 
(Theorem 2.1) and the uniqueness implies that H fixes ~.  We can choose 
coordinates for PG(2, q) so that S is the set of points ~q(f)  where 
= ~q+2(f). Since H is transitive on f ,  it follows that q divides IHI so 
that q divides IsI where S is a Sylow 2-subgroup of H. By Lemma 3.5, 
ISI =q and if q~>8 then by Theorem 3.6 ~ is a translation hyperoval. 
Thus ~ is a translation q-arc. I 
Note that ~q(f)  = ~16 ( f ) ,  where f ( t )  = t 12 + t ~° + rl~xt 8+ t 6 + ~/2t4 + ~]9t2 
and q is a primitive element of GF(16) satisfying /74-1-//+ 1 =0, is a q-arc 
in PG(2, 16) which has a transitive coIlineation stabiliser but which is not 
a translation q-arc. Thus the hypothesis of a transitive homography 
stabiliser in the preceding result is necessary. 
The next results characterise (q- 1)-arcs of PG(2, q), q even, with transi- 
tive homography stabilisers as monomial (q -  1)-arcs (except where q/4 is 
a twelfth power). Monomial hyperovals, and hence monomial (q -  1)-arcs, 
have not yet been completely determined. 
3.8. LEMMA [14, V.1]. Let ~¢g~=~q+2(f) be a hyperoval ofPG(2, q), q 
even, containing the fundamental quadrangle. The pointwise stabiliser of 
(1, 0, 0), (0, 1, 0), and (0, 0, 1) in the collineation stabiliser o f~ is transitive 
on ~\{(1 ,  0, 0), (0, 1, 0), (0, 0, 1)} if and only i f f i s  multiplicative. 
3.9. THEOREM. Let q>~8 be even and suppose that q¢212e+2 where 
e >>, 1. A (q - 1)-arc in PG(2, q) whose homography stabiliser is transitive is 
a monomial (q -  1)-arc. 
Proof By Theorem 2.1, sU is contained in a unique hyperoval ~¢g by 
adjoining a set ~ of three points, so that H also stabilises X and ~,~. Also, 
with a suitable choice of coordinates for PG(2, q), ~r = {(t, 0, 0), (0, 1, 0), 
(0, 0, 1) } so that ~ is ~q_ 1 ( f )  for some function f 
If the pointwise stabiliser H(~. 3 of 5f in H is transitive on ~ then 
by Lemma3.8 SU is ~q- l ( f )  where f is multiplicative and hence 
monomial. 
Suppose that H(x ) is not transitive on SU, so that [H(~)l < q -1  and 
IH : H~)[ divides 6. Let P be a point of ~¢" so that IH : HpI = q -  1 and 
IHpnH(x) [= l .  Since IH:H(~)[[H(~)I=IH:Hel IHe[,  q--1 divides 
[H:H(e.)[ [H(x)[ so that 3 divides q -1  and IH(~)l = (q-1)/3.  Note that 
since 3 divides q - l ,  q is a square. Now H(~) has orbit structure 
13((q - 1)/3) 3 where the orbits of length 1 are the points of ~r and (1, 1, 1) 
62 O'KEEFE AND PENTTILA 
lies in an orbit (9 of S of length (q - l ) /3 .  An element of H( . )  is 
represented by a matrix of the form 
h(a,b ) = a 
0 
for some a, b ~ GF(q)\ {0}. Since H(~r)is transitive on (9, h(a ' b)(1, 1, 1 )~ (9 
SO that h(a,b ) = h( t , f ( t ) )=ht ,  say, for some t~ GF(q)\{O}. The set T of sueh 
values t is closed under multiplication and has size (q -  1)/3, so it is the set 
of elements of GF(q)\{O} which are cubes. Now ht(1, s, f (s))  ~ (9 implies 
that f ( s ) f ( t )=f (s t )  for all s , t~T  so that f is monomial on T, say 
f (x )  = x". Now 3 divides [H: H(~)I so there exists an element h e H(~) such 
that h(1, 0, 0) = (0, 1, 0), h(0, 1, 0) = (0, 0, 1), and h(0, 0, 1) = (1, 0, 0); that 
is, 
h= 0 . 
b 
Now H(~r) is a normal subgroup of H so h-lh,h=h~ for some s t  T. But 
this implies that (t n 1)n= t-1 for all non-zero cubes t in GF(q), so that 
n2-n  - -1  ( rood(q-  1)/3) which occurs if and only if n is a primitive 
sixth root of unity modulo (q -1 ) /3 .  It follows that every divisor of 
(q - 1)/3 is congruent o 1 modulo 6. Since q is a square, write q = 2 2c for 
some integer c, and 
q -  1= 22~- 1 = (2c + 1)(2c-  1). 
If c is even then 3 does not divide 2 c + 1 so 2 c + 1 is a divisor of (q - 1)/3 
but 2 c + 1 = 1 (mod 6) is impossible. Thus c is odd so we write c = 2d+ 1 
for some integer d. Now 
2~+ 1 =22a+1 + 1 = 3(22a- 22a-1 +22a-2 . . . . .  2+ 1) 
and the expression inside the brackets on the right-hand side is a divisor 
of (q - l ) /3  and is congruent to (4 -2+4-2+ . . . .  2+1)=2d+1 
(mod 6). Thus d=0 (rood 3) and q=22(6e+n. The condition q~> 8 forces 
e >i 1 as required. | 
If q ~> 16 a (q -2 ) -a rc  ~ff is contained in a unique hyperoval ~ff. The 
homography stabiliser H of J£ also stabilises the quadrangle ~ \3(  so that 
IH] divides 24. If H is transitive on :¢I then q -2  divides 24, a contra- 
diction. When q = 8, a (q -2 ) -a rc  is a 6-arc and is contained in at most 
one hyperoval. A 6-arc not contained in a hyperoval has a transitive 
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homography stabiliser and a 6-arc contained in a hyperoval has a hyper- 
oval has a transitive homography stabiliser if and only if it is contained in 
a (non-degenerate)conic (see [8, 14.6]). 
4. STABILISERS OF THE KNOWN HYPEROVALS 
In this section we present the homography stabilisers of the known 
hyperovals, where they are known. In this section we abbreviate ~q+ 2 ( f)  
to @(f). Whenf i s  monomial, so that f (x)  = x n for some n, the k-arc @k(f) 
is often written as ~(n) .  A hyperoval which is the image under an element 
of PFL(3, q) of a hyperoval N( f )  is equivalent to @(f). 
The following are the known hyperovals of PG(2, q) with q = 2 h and 
h~>2: 
(1) The regular hyperovals, equivalent to 9(2), h 7> 2; 
(2) the translation hyperovals, equivalent to N(2i), where (i, h)= 1, 
1 < i< h -  1 and h ~> 3, that is, ~(e) where ct is a generator of Aut(GF(q)), 
not the Frobenius map x~ x 2 or its inverse [17]; 
(3) the Segre hyperovals, equivalent o ~(6), where h~>5 is odd, 
[18], [19]; 
(4) the Lunelli-Sce hyperovals, equivalent o @(f), where f (x )= 
x12+x1°+~l'ixS+x6+~72x4+t19x2, q=16, and t/ is a primitive root 
satisfying ~4 = /~ ~_ 1, [10]  ; 
(5) the Glynn hyperovals, equivalent o ~(3a+4) ,  where h )7  is 
odd and 0-2-2 (rood q -  1), aeAut(GF(q)) [6]; 
(6) the Glynn hyperovals, equivalent to N(a + 2), where h/> 7 is odd, 
a 2 - 2 (mod q - 1), and 22 =- a (mod q - 1), 0., 2 e Aut(GF(q)) [6] ; 
(7) the Payne hyperovals, equivalent to ~(x 1/6+x3/6+xS/6), where 
h ~> 5 is odd and the exponents are read modulo q -  1, [14] ; and 
(8) the Cherowitzo hyperovals, equivalent to ~(x  ° + x ~+2 + x3~+4), 
where h = 5, 7 or 9 and 0 -2 = 2 (rood q -  1), a e Aut(GF(q)) [3 ]. 
We follow the order of decreasing symmetry, starting with those 
hyperovals known to have a transitive homography stabiliser. The results 
imply the converses of Theorems 3.1, 3.3, and 3.9, and Corollary 3.7. 
4.1. THEOREM. (1) A regular hyperoval in PG(2, 2) has a transitive 
homography stabiliser of order 24 isomorphic to $4, 
(2) a regular hyperoval in PG(2, 4) has a transitive homographic 
stabiliser of order 360 isomorphic to A6, and 
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(3) a Lunelli-Sce hyperoval in PG(2, 16) has a transitive homography 
stabiliser of order 36 isomorphic to C 2. C4. 
Proof (1) A regular hyperoval in PG(2, 2) is a 4-arc. 
(2) A regular hyperoval in PG(2, 4) is a 6-arc. Since every 4-arc of 
PG(2, 4) lies on a unique. 6-arc it has a 4-transitive homography stabiliser. 
But the homography stabiliser has order dividing 6 .5 .4 .3 ,  so has order 
equal to 6 .5 -4 .3  = 360. Hence it is isomorphic to A6. 
(3) See [15]. 
4.2. THEOREM [-8, 8.4.2, Corollary 6]. A regular hyperoval in PG(2, q), 
q > 4 even, has homography stabiliser of order (q + 1 ) q(q - 1 ) isomorphic to 
PGL(2, q). It is 3-transitive on the points Of ~q+l (f). 
4.3. THEOREM. An irregular translation hyperoval ~(~) in PG(2, q), 
q=2h~>8, has homography stabiliser of order q(q-1)  isomorphic to 
AGL(1, q); that is, ch2 . Cq_l. It is transitive on the points Of @q(~) and fixes 
(0, 1, O) and (0, 0, 1). 
Proof Let ~(u) be an irregular translation hyperoval. The group M of 
homographies introduced in Theorem 2.2 has orbits on @(~) which are 
unions of {(0, 1, 0)}, {(0, 0, 1)}, and {(1, t, t~): teGF(q)}. Theorems 2.1 
and 2.2 rule out the possibilities of orbits of length q + 2 or q + 1. Suppose 
{(0, 1,0), (0,0, 1)} is an orbit. Since H((o.l,O).(o.o.1) } is 2-transitive on 
~(~) \ { (0, 1, 0), (0, 0, 1) }, it follows that there exists g e H with g(0, 1, 0) = 
(0, 0, 1), g(0, 0, 1)= (0, 1,0), g(1, 0, 0 )= (1, 0, 0), and g(1, 1, 1)=(1, 1, 1). 
Thus 
g= 0 . 
1 
Now g(1, t, t~)= (1, t ~, t) which is on ~(~) if and only if t~2=t. So geH 
implies that t ~2= t for all t E GF(q), which occurs if and only if ~2= 1, 
contrary to the hypothesis that ~ should be a generator of Aut(GF(q)), 
for q>4.  Hence H fixes (0,1,0) and (0,0,1). Now [H:Hil.o.o)[=q 
and [H(1,o,o):Ho,o,o),(1,1,1)l=q-1 so as [HQ[=I, [Hl=q(q--1). As in 
Theorem 2.2, H is isomorphic to AGL(1, q). | 
4.4. THEOREM. Let ~ be ~(n), but not a translation hyperovaL 
(1) I f  n 2 - -  n + 1 = 0 (mod q -- 1) then I H I = 3(q - 1) and H has orbits 
~q ~(n) and {(1, 0, 0), (0, 1,0), (0,0, 1)}; 
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(2) otherwise, ]H]=(q-1)  and H has orbits 9q_,(n),  {(1,0,0)}, 
{(o, 1, o)}, {(o, o, 1)}. 
Proof. The hyperoval 9(n) is stabilised by the group 
M= t : teGF(q)\{O . 
0 
Thus the orbits of H on ~(n) are unions of {(1,0,0)}, {(0, 1,0)}, 
{(0, 0, 1)} and Y= {(1, t, tn): t~GF(q)\{O}}. J - i s  an orbit, for otherwise 
there would be an orbit of length q + 2, q + 1, or q, all of which are ruled 
out by Theorems 3.1-3.3. So we must determine the group induced on 
X= {(1, 0, 0), (0, 1, 0), (0, 0, 1)} by the homography stabiliser H of 9(n). 
By the transitivity of M on Y-, since M fixes X pointwise, any permutation 
induced by H on X is also induced by H(1,1,1 ). It follows that we must 
consider the six homographies which stabilise the fundamental quadrangle 
and fix (1, 1, 1). The three such homographies of order 2 stabilise ~(n) if 
and only if N(n) is regular and the homographies of order 3 stabilise ~(n) 
if and only if n 2 -n  + 1 =0. Thus IgXl = 3 or 1 for a non-translation 
hyperoval 9(n)  according to whether n 2 -  n + 1 = 0 (rood q -  1) or not. 
Now Igl = [HXl [M[ = 3(q -  1) or q -  1. | 
The only known monomial hyperovals with homography stabiliser of 
order 3 (q -  1) are those equivalent to 9(6)  (equivalent to 9(26)) for q = 32 
and those equivalent o 9(20) (equivalent to @(108)) for q = 128. 
The result of Theorem 4.4 improves that of Theorem 2.3 in some cases. 
In particular, let :¢  be a (q-1) -arc  of PG(2, q) with homography 
stabiliser H. If q ~> 8 and q ¢ 212e+ 2for some e, then ]H i ¢ 6 (q -1) .  
The homography stabiliser of each hyperoval in Theorems 4.1-4.4 is a 
subgroup of index h in the collineation stabiliser (for the case of the 
Lunelli-Sce hyperoval see [ 15 ]). In each case the eollineation stabiliser has 
the same orbits as the homography stabiliser on the hyperoval. 
4.5. THEOREM [20]. A Payne hyperoval in PG(2,2h), h~>5, has 
homography stabiliser of order 2 and eollineation stabiliser of order 2h. The 
orbits of the collineation stabiliser on the hyperoval are {(0, 0, 1)}, 
{(1, 1, 1)}, {(1, O, 0), (0, 1,0)} andsets 
On = {(1, wnZ',f(wn2i))" i= 1 .... , h} W {(W 2"', 1, f(wn2')): i= 1 .... , h} 
of size 2d where d divides h and w is a primitive element of GF(q). 
An alternative proof in the case q---32 is given in [12]. 
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4.6. THEOREM [12]. A Cherowitzo hyperoval in PG(2, 32) has a trivial 
homography stabiliser and collineation stabiliser of order 5. The orbits of 
the collineation stabiliser on the hyperoval are {(0,0, 1)), {(1, 1, 1)}, 
((1, 0, 0)), {(0, 1, 0)} and 
C, = {(1, w "2', f(wn2')): i=  1 ..... 5}, 
where w is a primitive element of GF(32). 
It has not yet been determined whether the Cherowitzo hyperovals 
belong to an infinite family. The methods in [12] are useful for investi- 
gating the stabilisers of the hyperovals for the first few values of q but some 
other argument would seem to be needed for the general case. 
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